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From the outside looking in, the topic of digital control loops can look like a complex task.
Perhaps best left for expert mathematicians with expensive computing programs to feed their
output to a masters level programming engineer to implement.

I think this view deserves to be challenged. With a little bit of effort, and a rudimentary
understanding of z — transforms and the C programming language, I believe a typical engineer
will be able to transfer their analog control design experience into the digital domain.

The two critical tasks involved are determining the coefficients for the control loop and
understanding how to practically implement the mathematical results. In later examples I will
demonstrate implementation on a Microchip® DSP platform, targeting a relatively low cost
demonstration board and development suite offered by them.

First, let us start with a simple example. We start by saying we wish to gather coefficients for a
simple low pass filter. I will arbitrarily select 10 kHz as a break point. The first decision we will
have to make is what the desired “Tack” time is. This is the rate at which we will be processing
the math. I’m going to call this time T, which is one over the math frequency, F,. It is desired to
keep F, much higher than any frequency we are interested in filtering. This is required since the
digital process breaks down at frequencies approaching the math frequency. For this case I will
select 1 MHz as the math frequency.

The frequency domain for the LPF system is defined as follows...

1

oo+

This should now look like an old familiar friendly definition for a single pole low pass filter. If
not, maybe its time to break-off and go back to review those old textbooks. You can see at low
frequencies, the gain will be 1, the break point will be where o = ®, or 10 kHz, and for high
frequencies the gain will be ever decreasing and equal to —jo/®.

Moving forward, the next step would be to get the inverse Fourier transform for the system
described above. Some of us can do this by inspection, others can use Fourier lookup tables,
while others may want to use a relatively inexpensive software such as MathCad®. I recommend
getting comfortable with the software, if you are serious about designing digital control loops,
the transforms may get quite difficult and time consuming.
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By inspection, this example transforms to...
Wt = e ™ wh
To use MathCad® instead of the manual method, the following function is typed in.

fi, = 10000 o = 2nfy

1

o+j-o

H(co) =a-
Using their “Symbolic” toolbar, the following result is obtained.
H(w) invfourier, —> 20000- 7 - exp(-20000- 7t - t) - D(t)

Noting that o = 20000 * =, this is consistent with the manual method.

The reason we need the time domain representation of the system is because the digital system
that we can implement must operate in the discrete time domain. That being said, the next step
required is to translate the time domain system into the discrete time domain. To do this formally
and correctly we would have to invoke convolution theorem, generally this is not difficult, but
can get messy at times. Luckily, for most practical examples, this will boil down to replacing the
time domain variable t with n*Ty,, then scaling the whole result by Tp,,. Applying this simple
approach results in the following.

—naT
h(nj=Tm-m-enm m-uln-Tml . . .
, where u() is the unit step function.

So, how do we write a computer program to implement ™ ? The answer is we don’t. One more
transform is still necessary. We need to translate this expression to the z domain. The z domain is
analogous to frequency domain, except that it relates to discrete time signals instead of
continuous time. We work in that domain to simplify the e™ term which will be common in many
of our problems.
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Using z transform tables, or some of us can determine by inspection, the z transform is as
follows.

HiZy =T, o

Alternatively, MathCad® gives the result

z

B=E)

Again, these results agree with each other. We prefer the form of the first result. This form is
desirable for the next step of processing. We want the denominator to start with a leading 1, we
also need to have z raised to a negative integer since this represents a delay which can be easily
implemented on a microprocessor or other digital device.

1
h(n) ztrans,n — — - T1-
50

The good news is that the finish line is in sight with a few more substitutions.

Since we are in the “discrete frequency” domain (the z domain), we can say that the output
spectrum is simply the input multiplied by the system. That is...

G(z) =F(z) * H(z)
Transposing this...
G(z)/ F (z) = H(2).

We’ll add to the mix a few definitions to clean up the math, and to be consistent with
publications.
-a T,

8y = -—e bD=Tm-|1
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Here are the substitutions implemented.

o _ "o
F(z) 1+ 2t

Re-arranged, we get...
O(2) = by-F(D) - ay - G(z) -7

We now need to get back to the discrete time domain, which is where we can process digital
instructions. Fortunately, we can all do this by inspection at this point if we recognize that z™ is
simply a delay of 1 steps. Applying this we get...

gn:bO fn_al Zn-1

There it is, finished, not too bad in terms of effort. Well, there are a few more things. First, we
need to check the results and second we need to implement them on real hardware. I’'m going to
save the implementation for a slightly more complex example later on, the checking we can do
now. We always need to check results for at least convergence, if not also for performance. The
method I like to use is to apply a test pulse and see that the result converges to a value. While
this will not unconditionally prove the system is stable for every input, it is a strong indicator.
You should also note that the accuracy of the coefficients can at times effect the convergence of
the system. When possible, you should use only numbers you can resolve on the target digital
processor.

Several tools can be used to implement the checking that I’ve proposed here. One can use
MathCad®, Excel® or some other math program. I prefer MathCad®, because it is easy to use

and easy to set up to provide a visual check.

We’ll choose to calculate 100 steps. Since the tack time is 1uS, this will represent 100 uS. The
input will be a 50 step (uS) pulse with an amplitude of 1.
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n =1..100 100- T\, = 100x 10°°
f, = u(n) — u(n — 50) go=0
gnzb()'fn_al'gn—l

The digital domain response is plotted.
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We can see the result converges to zero. We can also observe the time-constant for the filter is
about 16uS. This is exactly what we should expect for a 10 kHz LPF. The test so far looks good.
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It would also be interesting to see what these coefficients represent in the continuous frequency
domain. Some mathematically inclined individuals would argue that it is better to check in the z
domain. Sure we can plot the z domain and contemplate the significance of the unit circle and
right half plane zeros, however we live in the frequency domain. Our instruments give us
frequency domain data, and the initial input for this, and probably every filter we design, was in
the frequency domain, and so it makes sense that a final check is performed in that domain.
There are several ways this can be implemented in software, but the easiest method is to perform
a simple substitution and graph.

Given that we already have H(z), we can determine its analog equivalent, Ha(f) by substituting z
with 2™, Considering that we are using a math program, we don’t even have to perform the
manipulation, we can just plug the value in.

The frequency domain response is plotted.
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We expect a low-pass filter with an initial breakpoint of 10 kHz, the gain should fall off with a

constant slope. The phase should start out at 0, at the break frequency it should be (-n/4), then it
should asymptotically approach -m/2. In these graphs we observe the gain behaving as predicted
out to ~ 500 kHz (T,, / 2), the phase follows as desired out to ~ 60 kHz. If better performance is

needed, we would need to change the filter or increase the math rate.

Here are the steps we’ve walked through so far.

Process  Description Why / Comments
Step 1 Describe the system in the frequency domain. Define what you would like
the end result to represent.
Engineers are most familiar
with frequency domain
representations of systems.
Step 2 Perform an inverse Fourier transform to get the | This is required for following
system definition into the time domain. steps. Engineers are typically
not familiar with time domain
representations of systems
Step 3 Translate to the discrete time domain by Required since digital devices
inserting substitutions and scaling. can only work in the discrete
time domain.
Step 4 Perform z-transform bringing problem into the Simplify math.
discrete frequency domain (z - domain).
Step 5 Perform algebra to express denominator with a Necessary for simplification.
leading 1, and terms of z raised to a negative
integer.
Step 6 2nd part of algebra to solve for the desired Necessary for simplification.
output G(z).
Step 7 Simple inverse z- transform to get back to Provides the end result.
discrete time domain.
Step 8 Check for convergence and evaluate Save time by clearly
performance. understanding the results
before implementing them.

An accompanying MathCad sheet has been prepared to follow these steps.

Sequence 2 will introduce some more complex examples and demonstrate advantages of the

digital domain.
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